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3
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Amplitude = 3
5a Maximumwhensin#=1,5
Minimum when sinf = —1, 1.
b Maximum whencosf = —1,9

Minimum when cos# =1, —1.

6 a The graph of y = 2 cos 2z has period 2?“ = m and amplitude 2.
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¢ The graph of y = —2 cos 3z (period 2?” amplitude 2), reflected in the z-axis.
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d Thegraphofy = 2cos g has period 21—7r = 67 and amplitude 3.
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g The graph of y = 2sin z, translated FW units to the right.
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h The graph of y = 3sin z, reflected in the x-axis and translated % units to the left.
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The graph of y = 2 cos 2z (period 7, amplitude 2) translated 1 unit up.
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b The graph of y = 2 cos 2z reflected in the z-axis and translated 1 unit up.
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¢ The graph of y = 3 sin x translated g units to the left.
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e Thegraphofy—=2cos3z ( period ?ﬂ, amplitude 2) reflected in the z-axis and translated 1 unit up.
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Use the right arrow key to view all solutions.
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Solutions to multiple-choice questions

1 A y=2sin (3z—=n)+4

= 2sin3 (..'l:—

Period = 2—1(
3

+4

el 3

2 D y=—-5cosbzx+3
Amplitude = |-5| =5

3 D b5sin(2z—w)+2=0
2

Period = 5 =7
Amplitude = 5
Maximum and minimum y values arey = 7and y = —3.

Since y = 0 is within the range of the function, the function will pass through the line twice each cycle. The
function covers two cycles over the given domain, and so will pass through y = 0 four times.

There are four solutions.
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Omit the first and last as they are not in the interval.
7w 13w 157 21xw

=TT 4
_71r 137 57 7w
T=12' 127411
13 T
6 E _T) = W
COS( 6) COS( vig ﬁ)
o™
= C0S — —
-7y
= 5In —



7

8
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10

sin (180 — #)°
cos (180 — #)°
sin 8°

E  tan (180 —6)° =

—cos §°

—cos (90 + 8)°
—sin (90 + 6)°
cos (90 + #)°
sin (90 + #)°

C  All other responses are cos

D
. . .2
B  Period of 4sin(3wz) is 3
Period of 3sin(27z) is 1

. . 2
Period of the graph 2 since 3 x 3= 2

Solutions to extended-response questions

1a

Maximum depth = 15.4 m at midnight and noon.
Minimum depth = 11.4 m at 6:00 and 18:00.

Time is measured in hours with ¢ = 0 corresponding to midnight on a particular day.

D(t) =a+ bcos (27#)

i  The‘centre’ of the graph is given by
15.4 —;— 11.4 134

Therefore a = 13.4.

ii The amplitude =134 —11.4
=2
Therefore b = 2.
iii Period = 12 hours (the time between high tides).
Therefore 2 w = 2% =12
and hence k = 12

b  When the depth of the water is 13.4 m

mt
13.4 =13.4 4 2cos (F)

This implies cos (%) =0

Tt T 3 5t T
— = _—0or—or — or —
6 2 2 2 2

Hencet = 3 or 9 or 15 or2l.
The depth of the water is 13.4 m at 3:00 am, 9:00 am, 3:00 pm and 9:00 pm.

Consider the inequality

it
13.4 + 2 cos (F) < 14.4



which is equivalent to

cosﬂ—tﬂil
6 2

First consider the equation

andt = 2 or 10 or 14 or 22

mt L.
From the graph of y = cos (F) thisistruefor2 < ¢t < 10 or 14 < ¢ < 22.
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f1lx)=cos - x|

1 6

b

t
2 T =15—8cos (E+ﬁ) for0 <t <24
a Whent=0,T=15—8cos (6)
= 7.3°, correct to two significant figures.

b  The maximum temperature = 15 — (—8)
= 23°
The minimum temperature — 15 — 8

=7°
¢ Temperatures are warmer than 20° when

Tt
15—-8 — +6 20
cos (124— )>

Rearranging the inequality gives

cos ﬂt—i—ﬁ < 5
12 8

Consider the equation

COs t +6] = 5
12 -8
wt 5 5 5 5
This gives i) +6=m—cos" (E) or  + cos™! (E) or 37 — cos ! (E) or 37 + cos (E)



Solving for t where 0 < ¢ < 24 gives
t =9.6605... or 16.5028. ..

From the graph, temperatures are warmer than 20° between 9:40 am and 4:30 pm.

d
TC) A (13.08, 23)
(0, 7.32) (24, 7.32)
T=15-8cos (75+6)
T » 1 (hours)
3 z(t) = 3sin (2wt —a)
Whent =1,z(t) = —1.5
a Tofind a consider the equation —1.5=3sin (27 —a)
1
5= sin (27 — a)
1_ sin a
5 =
Therefore a = —
. T
and z(t) = 3sin (2m‘, — E)
b
x (metres) A
3 x(r) =3 sin (21 - %)
\ o - 6
0
>
I (seconds)
(0, -1.5) (2, -1.5)
-3

¢ O is 3 metres from point A, as the amplitude of the graph is 3.



d Whenz(t) = —

. m
3sin (me—g) =
. m
sin (2M—E) =
T ’.'T
Mg =g
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The particle first passes through A whent = r

. L. 2
e The period of the motion is 2_7r =1.
iy

Therefore it takes 1 second to return to A.

f ltwill take % of a period to go from A to O, i.e. % second.

€ i Thefirst 2 seconds of motion is 2 periods. It will start at A and return to Aafter 1 second. From A to B and
back is 12 metres. Therefore it will travel 24 metres in 2 seconds. This can also be seen from the graph.

ii In 2.5 seconds it travels the 24 metres from part g i and an extra 6 metres, making a totaldistance of
30 metres.

4 h(t)=p+qsin (%)

a The maximum depth is 10.2 metres and the minimum depth is 1.8 metres.

. 1024+1.8
The ‘centre’ is at =+ 1% _

Therefore p = 6.
The amplitude is 10.2 — 6 = 4.2.
Therefore g = 4.2.

b The period of the function is 2w + % =12

Tt
Maximum value of 6 + 4.2 sin (?) occurs when

sin (g)zl

t T 5w
- = — Oor —
6 2 2
t=3o0r1l5

So the depth is @ maximum at 3 am and 3 pm.

¢ The average depth is 6 metres for the 24 hour period.



i
d  Whenh(t) = 3.9,3.9 = 6 + 4.2sin (F)

[t 1
Solve for ¢ sin (F) =-3

E —7—ﬂ0r 117 or 197 or 23w
6 6 6 6 6

t=Tor1lor 19 or 23
So the depth of the water is 3.9 metres at 7 am, 11 am, 7 pm and 11 pm.

e Consider the inequation

7t
6 + 4.2sin (F) > 8.1

i
6

= o
(=3
[=+]
(=]

t=1lorb5orl3dorl7

6
the depth is greater than 8.1 m is 8 hours.

i 1
Therefore, from the graph, sin (—) >3 for the intervals [1, 5] and [13, 17]. The duration of time for which

Y
. Alx)=2sin(3x) + |
(2m, 1)
(0, 1) 4 [
-1
4 j  Theline with equation y = 1 meets the graph 7 times. Therefore there are 6 intersections for1 < k < 3 or

—l<k<l.

ii  The lines which pass through the maxima or minima give the threesolutions. Therefore k =3 or k = —1.

iii There are no solutions fork > 3 ork < —1.

b The sequence of transformations which takes the graph of y = 2sin (3z) + 1 to the graph of y = sinx can be
found by rearranging the first of the equations.

ie.y=2sin (3z) +1

-1
becomes < =sin (3z)

and considering the equation of the image y' = sinz’,



y 1

2 2
and z’ = 3z
Therefore the sequence of transformations is a dilation of factor 3 from the z axis and a dilation of factor 3

from the y axis followed by a translation of 3 a unit in the negative direction of the y axis.

An alternative sequence is: a translation of 1 unit down,then a dilation of factor 3 from the z-axis and a

dilation of factor 3 from the y-axis.

€i Forthe graph of y = f (z + h) to have a maximum at (%, 3) consider

2sin (3_(;”)) f1o3

sin (3h+7) =1
which impliessin (3h) = —1

a.nd3h:3—ﬂ r7_’r
2 2

7

h:%m‘%

ii  Forthe graph of y = f(z + h) to have a minimum at (g, —1) consider

2sin (3_(;”)) f1-o1

sin (3h + m) = —1
which impliessin (3h) =1

a.nd?:?:e.:101‘5?11T
T 5

h=—or —
6 6

6 a Consider y =sinz

B ™

=cos | 5 —@
—cos |z =
N 2

Therefore the graph of y = cos & can be taken to the graph of y = sin z by a translation of ; units in the

positive direction of the z axis.

1
b  Considery = — Esi_n 2z

= l{:os 2$—i—E

2 2
1

= ECOS 2 (m—l—%)

. . 1
To find the sequence of transformations that take the graph of y = 2 cos  to the graph of y = —Esin 2z

compare



g = cos(z) and 2y’ = cos 2 (3:' T E)

Therefore 2y’ = g
Y
"—_
Y71
dz=2(2'+Z
and z ;r—|—4)
:z:_m,_i_qr
2 4
g _T
2 4

: . oo 1 . . T ..
The sequence of transformations is a dilation of factor ) from the y axis, then a translation of 1 units in the

negative direction of the x axis and a dilation of factor 1 from the z axis.

¢ i (mry} — (%1:14_ y)

. 2
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w
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TT 7
andy =4—y
y=4-y

f

The graph of y = sin z is mapped to the graph of 4 — 3’ = sin (ﬂ; ) and hence the image of y = sinz

hasequationy = 4 — sin (?) .

ii Therangeis [3,5] and the period is 4.

. w(t—1)
7 N(t) =3000sin | ——— | +4000

where t is the number of months after January 1.
) w(t — 3.5)
M(t) = 3000sin | ———— | + 5500

where t is the number of months after January 1.

a Maximum population of N = 7000 (occurs in April).
Maximum population of M = 8500 (occurs in October).
Minimum population of N = 1000 (occurs in June)
Minimum population of M = 2500 (occurs at the end of January and November)

b  Sketch the graphs of

t—1
f1 = 3000 sin (%) + 4000 and

t—3.5
£2 = 3000 sin (%) + 5500

T1: Press Menu — 6:Analyze

Graph — 4:Intersection



CP: Tap Analysis — G-
Solve — Intersect
The graphs cross when t = 4.31, i.e. populations are the same in April.

The population is then 6961. Also when ¢ = 0.24, the populations are both 28386, i.e. the populations are the
same in January.
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94 Ty

(420938,6960.72)

(0.239195, 2826.29)

‘1 05 ¥}

¢ T1:Type fi(x) + f2(x) into f3(x) =
Press Menu — 6:Analyze
Graph — 3:Maximum
CP: Type y1(x) + y2(x) into y3 =
Tap Analysis — G-Solve — Max
The graph is as shown.
The maximum value of y = N(t) + M (¢) is 14 556.039 and this occurs when ¢ = 5.191, i.e. in May

1.1 L *Unsaved — {,'EN
00 %y

(5.19107, 14556

B(,r]=ﬂ |:.1'II+!‘2[:<)

1 0.5 13

d T1:Type fi(x) — f2(=x) into f3(x) =
Press Menu — 6: Analyze
Graph — 2: Minimum
CP: Type y1(x) — y2(x) into y3 =
Tap Analysis — G-Solve — Min
The maximum difference is given by the local minimum.

The difference is 4039.845 and this occurs when ¢ = 7.49, i.e. in July



*Unsaved —

3 )=f1 [x)-£2(x)

00 (7.49155 -4039.85)

8 a h=15sin (10t — 45)° + 16.5
T1: Change the Graphing Angle to Degree before sketching. Press
Menu — 9:Settings

CP: Set to Deg mode before sketching.

*Unsaved —

f1(x)=15 sin(10- x-45)+16.5

b Whent=0h=15sin (—45)° + 16.5
= —15 x % +16.5

= 5.89



5 = 15sin (10¢ — 45)° + 16.5
—11.5 = 15sin (10t — 45)°

—11.5
——— =sin (10t — 45)°
15

10¢ — 45 = 180 + sin~!
or 540 4 sin~!

10¢ = 225 + sin~! | == | or 405 — sin!

I]I 30)
23\ 93\
or 585 4 sin ! 30 or 765 — sin ! (30

1 23 1 23

t= 225 4 sin— — or — (405 —sin™! [ =
10 30 10 30

1 23 1 23

or — | 585 4+ sin1 [ == or — [ 765 —sin ! [ ==
10 30 10 30

Isobel’s seat passes the platform for the first time after

1 23
0 (225 4+ sin— (ﬁ)) seconds =z 27.51 seconds.

This can, of course, be found using Intersection/Intersect from a CAS calculator.
Her seat will pass the platform six times in the first two minutes.

The ride is six minutes long. The seat will pass the access platform 20 times in the entire ride.

Whent = 100,h = 4.213
Isobel is stranded 4.21 metres above the ground, correct to two decimal places.

The position of Hamish's seat above the ground is given by
hy = 15sin (10t — a)® + 16.5
Whent=0,hs =15
—1 = sin(—a)°
a =190
hy = 15sin (10¢ — 90)° + 16.5
Whent = 100, ha = 15sin (1000 — 90)° + 16.5 = 13.89

Hamish's seat was 13.9 metres above the ground, correct to one decimal place.



